
1) Consider the function  𝑓(𝑥, 𝑦) = 𝑦3 + 3𝑥2𝑦 − 6𝑥2 − 6𝑦2 + 2. 

a) Show that the function 𝑓 has the critical points (0,0), (0,4),(2,2), (-2,2). 

b) Find 𝑓𝑥𝑥(𝑥, 𝑦), 𝑓𝑥𝑦(𝑥, 𝑦),   𝑎𝑛𝑑 𝑓𝑦𝑦(𝑥, 𝑦). 

c) Use the second derivative test to find the local maximum and minimum values and saddle 

points of 𝑓 if any exist. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2) a) Evaluate the integrals: 

i) ∫ ∫ √𝑥2 + 𝑦2 𝑑𝑦𝑑𝑥
√2𝑥−𝑥2

0

2

0
         ii) ∫ ∫ 𝑒𝑥21

𝑦

1

0
𝑑𝑥 𝑑𝑦. 

b)  Find the volume of the solid enclosed by the cone 𝑧 = √𝑥2 + 𝑦2and the sphere 𝑥2 + 𝑦2 +

𝑧2 = 2. (Hint: integrate over the region enclosed by the circle of intersection). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3) Consider the set 𝑆 = {𝑣1, 𝑣2, 𝑣3}, 𝑣1 = (1,0,0), 𝑣2 = (3,7, −2), 𝑣3 = (0,4,1) of vectors or 𝑅3. 

a) Show that 𝑆 is a basis for 𝑅3. 

b) Use Gram-Schmidt process to transform the basis 𝑆 into an orthonormal basis 𝑇 =

{𝑢1, 𝑢2, 𝑢3}. 

c) Find the coordinate vector  (𝑤)𝑇 , where 𝑤 = (1,1,1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4)a) Find a matrix 𝑃 that orthogonally diagonlizes 𝐴 = [
3 1
1 3

]. Then, determine 𝑃−1𝐴𝑃 and calculate 

the matrix 𝐴10. 

b)  Prove that if 𝜇 ≠ 0 is an eigenvalue of an invertible  matrix 𝐴 with eigenvector 𝑋 then 𝜇−1 is an 

eigenvalue of 𝐴−1 with eigenvector 𝑋. 

c)Prove that if 𝐴 is invertible and symmetric then 𝐴−1 is symmetric as well. 

d) Find the eigenvalues and eigenvectors of the matrix 𝐴−1 where  𝐴 = [
3 1
1 3

]. Then, find a matrix 𝑃 , if 

possible, that orthogonally diagolaizes 𝐴−1 and determine 𝑃−1𝐴−1𝑃. 

 

 


